Abstract

A rational map v : P1(C) — P!(C) from the Riemann Sphere to itself is
said to be a Lattes Map if there are “well-behaved” maps ¢ : E(C) —
PY(C) and ¢ : E(C) — E(C) such that v o ¢ = ¢ o . We are
interested in those Lattes Maps which are also Belyl Maps and their

associated monodromy groups. This work is conducted as part of the
Pomona Research in Mathematics Experience (DMS-2113782).

Elliptic Curves

o An elliptic curve is an equation of the form y? = % + Az + B where
4 A3 + 27 B? # 0. Equivalently, it is a non-singular curve of genus one.

o Let S = E(C) be the collection of complex numbers zg and yq satisfying
y? = 23 + Ax + B along with the “point at infinity” O . This is a torus.
In particular, it is a compact, connected Riemann surface.

e Let P, (), and P *x () be points on E which lie on a line. Then the binary
operation P® Q = (P * Q) x O g turns (E((C), EB) into an abelian group.

Belyi Lattes Maps

o A Belyi map ¢ : S — P!(C) is a meromorphic function defined on a
compact, connected Riemann surface .S which is ramified over at most
three points. We choose these points to be 0, 1, and oo.

o A Lattes map v : P1(C) — PY(C) is a meromorphic function satisfying
v o ¢ = ¢ o [N] for some meromorphic function ¢ : F(C) — P(C) and
“multiplication-by-N" [N] : E(C) — E(C) where [N|JP=P&---& P.

E(C) E(C)
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Theorem (Ayberk Zeytin, 2021;: PRiME 2022)

Assume v : PY(C) — PY(C) is a Lattés map.
e If ¢ is a Belyi map, then both v and 8 = o ¢ are Belyl maps as well.

e Any Belyi Lattes map arises from one of three families:

Belyi Map ¢

VB —y
2v/B
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Elliptic Curve Degree of ¢

E:y2:x3+B o(x,y) =

deg(¢) =3

E: vy =z3+Ax

o(z,y) deg(¢) =4

E:y*=2°+B A, y) = — deg(¢) = 6

Dessin d’Enfants

Assume that ¢ : S — PYC) is a Belyi map for a compact, connected Rie-
mann surface S whose critical values are 0, 1, and co. A Dessin d’Enfants is a
bipartite graph whose “black” vertices are the preimage ¢~ ({O}), “red” ver-

tices are the preimage gb_l({l}), and “edges” are the preimage ¢! ((O, 1))

Acknowledgements

Dr. Alex Barrios (Carleton College)
PRIME 2022 Faculty, Research Assistants, and peers

Department of Mathematics, Pomona College
National Science Foundation (DMS-2113782)

Monodromy Groups of Belyr Lattes Maps

Zoé Batterman (Pomona College), Inés Chung-Halpern (Yale University), John Michael Clark (University of Texas at Austin),
Edray Herber Goins (Pomona College), and Ebenezer Semere (Pomona College)

Pomona Research in Mathematics Experience (PRIME)

Monodromy Groups Motivating Questions

Assume that ¢ : S — IP)l((C) is a Belyl map of degree M. The monodromy
group of ¢ is a subgroup of the symmetric group of degree M as tollows:

® These examples of monodromy groups suggest Mon(8) and Mon(~)

are equal in certain cases. Under which conditions is this true?

Label the ed f the Dessin d’Enfants of ing 1 through M.
® Label the edges of the Dessin d'bnfants of ¢ using HOHS e More generally, what is the precise relationship between Mon(3) and

Mon(~)?

@ Write down the permutation o as the product of disjoint cycles found
from reading the labels counterclockwise around each “black” vertex.

® Write down the permutation o7 as the product of disjoint cycles found
from reading the labels counterclockwise around each “red” vertex.

Theorem (PRiME 2022)

o Generate the group Mon(vy) = (oq, o) from these permutations.
Assume ¢ : E(C) — PY(C) is Belyi map of degree M for an elliptic curve

E : y? = 23+ Az + B satisfying the following two assumptions:
Examples

® The group homomorphism Z/M7Z — Mon(¢) sending m mod M to

Consider E : y* = 23 + 1 and ¢(z,y) = (1 —y)/2. "z, y) = (C2m:c, « y) is an isomorphism for ¢ = e2mi/M

@ For each N =1, 2, 3, ..., there exists some meromorphic function
~ : PHC) — PY(C) such that v o ¢ = ¢ o [N].

Then we have the following:

e Denote the Belyl map
Bla,y) = ¢ol2
(1+y)(3-y)
16 7 '

We compute its monodromy as

Mon(p) = (00, 01) > Aq.

® The three families in Zeytin’s classification satisfy these assumptions.

® The composition § =y o0 ¢ = ¢ o [N] is a Belyl map of degree N 2M.
Explicitly, P+ [(""|P @ Py is an automorphism for Py € F|N| and
m € Z/MZ. In particular, we have the monodromy group

(v *w2) * (372

® 7 is a Belyl Lattes map of degree N 2 with monodromy group

Mon(y) =~ (]\%Z 8 ]\%Z) s (%)

M
2
1

oo =(176)(2109)(3412)(58 11)
= (123)(456)(789)(10 11 12)

Y

Mon(f) ~ E[N] x Mon(¢)

01

Denote the Belyl Lattes map
(z—1)(z+1)
2z—1)3
so that § =y o0 ¢ =¢ol[2]. We
compute Mon(v) ~ Ay as well.

v =
where

if N =1,

it N =2 and M is even, and

otherwise.

d = [Mon(B) : Mon(v)] =

Examples of Dessins d’Enfants of Belyi Maps and Belyi Lattes Maps

deg (o) Belyi Map 6 = ¢ o [2] Dessin d’Enfants of Belyi Lattes Map ~ Dessin d’Enfants of ~
1+ B-y?° _ (=1 (+1)
_ @+ (21t
4 blz,y) =15 3 (22 — 1) 1) = 15 (z — 1)
a3 (28 - 8)?  z(2+38)°
6 B(z,y) _64<CB3—|—1>3 ﬁﬁ W(Z)_GKL(Z—DS

How Do We Generate Belyi Lattes Maps?

deg(o) Substitutions Belyi Lattes Map v(2)

r=(12(z- 1) (VB fan)

3 —— (VB =
y=1—22 2v/B VB 2¢N(x,y)4

4 v =2/ 1 (x v y) Yy (e, y)>2
y =21 (2 - 1)}/2 A Y (T, y)?

6 v 1 (x _UN(@ y) v a(e, y))3
y=(1-2)"? B Yy (@, y)?

Sketch of Proof

We proved these results using Galois theory by relating Mon() to the largest
normal subgroup of G ~ Mon(3) which is contained in H ~ Mon(¢).

L = K(E(C)) {1}
M M
K = C(é(z, ) H = Gal(L/K) ~ = ~ Mon(9)
N? N?
F=C(A(z,y)) G = Gal(L/F) ~ E[N] x Mon(¢) ~ Mon(3)

Explicitly, Mon(7y) is the quotient of G ~ E|N| x Mon(¢) by

NN 7, " B N 7
DG(O'HO' ) ~ {n €77 | (" Py = R for all Py € E[N]} ~
Future Work

We now understand the relationship between the monodromy groups of the
composition 5 = yo ¢ = ¢ o [N] and the Belyl Lattes map ~ for a Belyl map
¢ : E(C) — P(C) and the “multiplication-by-N" map [N] : E(C) — E(C).

We wish to generalize and understand the relationship between the mon-
odromy groups of 8 = yo@ = o and ~ for Belyi maps ¢ : E(C) — P(C)
and ¢ : X(C) — PY(C) and an arbitrary isogeny ¢ : F(C) — X (C) between
two elliptic curves £ and X.

E(C) X(C)
SO \ @
P!(C) . P!(C)
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